Abstract-Multi-tier cellular communication networks constitute a promising approach to expand the coverage of cellular networks and enable them to offer higher data rates. In this paper, an uplink two-tier communication network is studied, where macro users, femto users and femto access points are geometrically located inside the coverage area of a macro base station according to Poisson point processes. Each femtocell is assumed to have a fixed backhaul constraint that puts a limit on the maximum number of femto and macro users it can service. Under this backhaul constraint, the network adopts a special open access policy, in which each macro user is either assigned to its closest femto access point or to the macro base station, depending on the ratio between its distances from those two. Under this model, upper and lower bounds on the outage probabilities experienced by users (macro and femto) serviced by femto access points are derived as functions of the distance between the macro base station and the femto access point serving them. The bounds are confirmed via simulation results.
I. INTRODUCTION
Fourth generation (4G) mobile communication standards such as LTE-advanced promise very high data rates. Enabling multi-tier networks is one of the methods that enables such standards to address the ever-increasing demand for higher data rates in cellular communication networks. In a multitier network, unlike the traditional design, multiple layers of cells, each serviced by a different type of base station, are employed simultaneously. In two-tier femtocell networks, for example, in addition to the traditional base stations, there are femto access points (FAPs) installed by users in their homes or offices. These additional base stations are connected to the cellular network through the users' broadband Internet connections. These FAPs expand the coverage of the main network to indoors and also reduce its load. However, the limited capacities of users' broadband connections impose a backhaul constraint that limits the number of simultaneous users each femto cell can cover.
In this paper we study the outage performance of a two-tier uplink femtocell network. Macro users (MUs), femto users (FUs) and FAPs are assumed to be spatially distributed inside the coverage of a macro base station (MBS) according to Poisson point processes (PPPs) [1] . Each femtocell is assumed This research was supported by the National Science Foundation under Grant CCF-1420575. to have limited backhaul capacity. Up to its capacity, each FAP employs a special open access policy, studied in [2] and [3] for downlinks. Based on this policy, each MU is serviced by its closest FAP if i) the ratio between its distance to its closet FAP and its distance to the MBS exceeds some threshold, and ii) the number of users already being serviced by that FAP is less than its capacity.
PPPs were originally suggested in [4] - [6] as an accurate model for the locations of cells and users in a wireless network. The outage performance of two-tier networks under PPP distribution of users or access points is studied in [7] - [10] and in [10] - [16] for downlink and uplink communications, respectively. In none of these papers are the FAPs backhaul constraints taken into account. In fact, to our knowledge, while there have been studies of the effects of femtocell backhaul constraints on other aspects of networks, there has been no prior analytical work on their effects on the users' outage performance in a two-tier network. (Refer to [17] - [20] as a sample of some recent results.)
In this paper, we extend the analysis of uplink two-tier networks presented in [15] to the case in which each FAP has a backhaul constraint that limits the number of users it can service. We derive analytical upper and lower bounds on the outage probabilities experienced by the users serviced by the FAPs.
The paper is organized as follows. Section II reviews the system model including the employed modulation, users and FAPs spatial distributions, and the access policy. Section III presents the analysis of the outage probability experienced by the macro users serviced by femto access points. Section IV presents numerical results and finally, Section V concludes the paper.
II. SYSTEM MODEL Both macro and femto users are assumed to employ multicarrier frequency-hopping (MCFH) modulation introduced in [21] . In MCFH the available bandwidth is divided into n s non-overlapping subbands and each subband is divided into n h equispaced frequencies, respectively. Hence, there are overall g n s n h available orthogonal subchannels. During each time slot, each user selects n s subchannels by independently and uniformly at random choosing one subchannel IEEE ICC 2015 -Communication Theory Symposium 978-1-4673-6432-4/15/$31.00 ©2015 IEEE from each subband. While MCFH modulation is very similar to orthogonal frequency devision modulation (OFDM), unlike OFDM it does not require centralized frequency assignment. Hence, while the results derived under this modulation are also applicable to networks employing OFDM, with some minor adjustments, MCFH modulation is much better suited for analytical performance studies.
Consider MBS b m located at the center of a circle of radius R denoted by S m . Let A f , U m and U f denote the set of FAPs, MUs and FUs, respectively. Conditioned on the locations of the FAPs A f , the FUs and MUs are distributed according to independent PPPs. FAPs and MUs are drawn according to independent PPPs of densities λ f and µ m , respectively. Let n fap = πR 2 λ f denote the expected number of FAPs, i.e., To model the backhaul constraints, we assume that each FAP has access to a fixed broadband capacity, which translates into covering at most n c users. The priority is always given to FUs. Once all FUs are serviced, if there is some remaining unused capacity, it can be allocated to MUs. MU u m is potentially assigned
If there are more than one FAPs satisfying this condition, u m considers only the closest one. From all potential MUs of an FAP a f with N a f f FUs, a f randomly chooses up to n c − N a f f of them to serve. It is reasonable to assume that n c ≥n fu , or in other words, the capacity of each FAP is at least as large as the expected number of FUs in that cell.
In this model, due to the backhaul constraint, an MU can get arbitrarily close to an FAP a f , and yet be serviced by the MBS. To avoid the arbitrarily large interference caused by such cases, we assume that, for any MU u m , the ratio between its distances from any FAP a f and the MBS, i.e.,
, cannot be smaller than some threshold κ o , where κ o ≪ κ. As argued in [15] , this means that for an FAP a f located at distance d from b m , there exists a circle of radius
that includes a f , where no MUs are allowed. To model the channel between user u and access point a, a ∈ {b m , a f }, both small scale fading and path loss are considered. So it is assumed that the fading coefficients corresponding to the channel in subband i ∈ [1 : n s ] from user u to a, H i u,a , follows the Rayleigh distribution with parameter σ 2 . Furthermore, we assume that the coefficients corresponding to different subbands and also different channels are all independent. The path loss is modeled as
where L 0 is the path loss at unit distance, and α > 2 denotes the attenuation factor [3] .
In this paper, we assume that every user employs power control to compensate for the effect of path loss. Using power control, MUs serviced by the MBS intend to achieve a received power level of p m , and FUs and MUs serviced by FAPs adjust their transmitted powers to achieve a received power of p f .
Throughout the paper, P(s, x) denotes the cumulative distribution function of a gamma random variable with shape parameter s and scale parameter 1.
where
in which
In (2), from left to right, the interference terms correspond to the interference caused by the FUs of FAP a f , the other MUs of FAP a f , and the MUs serviced by the MBS, respectively. Note that in this equation the effects of the interference caused by the users of other FAPs are neglected which is reasonable unless the density of FAPs is very high.
where SIR m,f is defined in (1) . Given the exponential distribution of |H i um,a f | 2 and its independence from other relevant random variables, it follows that
In the following two sections, we derive analytical upper and lower bounds on the outage probability P m,f out . Before stating the bounds, consider partitioning the coverage area of the MBS, S m , based on parameters (κ 0 , . . . , κ t ), where κ 0 = κ < κ 1 < κ 2 < . . . < κ t = 1, into 2(t + 1) regions, as described in [15] . For user u with δ u defined in (3), defineδ 
Note that by construction, unlike δ u , δ ub u andδ ub u are discrete random variables, and furthermore, for all u and a f ,δ
. The values of {p i : i = −t, . . . , t} are derived in Lemma 1 of [15] .
A. Upper Bound on the Outage Probability P m,f out
The outage probability of an MU serviced by an FAP located at distance d from MBS, P m,f out , is upper bounded by
Proof. For MUs serviced by FAPs, as discussed in [15] , the potential coverage area of FAP a f located at distance d from b m is a circle of radius ( Given the backhaul constraint of n c users, there are at most n c − 1 users (macro and femto) serviced by a f that interfere with an FU covered by a f . That is,
where {|H ℓ | 2 : ℓ = 1, . . . , n c − 1} are independent and identically distributed (i.i.d.) exponential random variables independent of other random variables in (5) . Also, (a) holds because by assumption,
o , for all u m ∈ U m , and allâ f ∈ A f , and (b) follows because δ u ≤δ ub u . Since the MUs in U m are generated according to a PPP and the users in U m \U m (a f ) and U nc m (a f ) have non-overlapping supports, they are independent. Therefore, combining (4) and (5), it follows that
Sinceδ ub um and |H
Finally, |U m |−|U m (a f )| is a Poisson random variable of mean n m,d . Therefore, combining (6) and (7) yields the desired result. a f ) ), and define
B. Lower Bound on the Outage Probability
Note that γ 4 can easily be computed through Monte Carlo simulations. Theorem 2. Let
, the outage probability of an MU serviced by an FAP located at distance d from the MBS, is lower bounded by
where Φ |U nc m (a f )| is computed in Appendix A. Proof. To lower bound I m,f , we first ignore the interference caused by the other MUs serviced by a f , i.e., U m (a f )\u m . Due to the backhaul constraint, the number of FUs served by a f (N a f f ) and the number of MUs served by b m are not independent, which makes the analysis more complicated. Therefore, we break the interference caused by users in
affects only the MUs that fall into the coverage area of a f ,
To derive the distribution of the locations of the users in
e., the subset of MUs that fall into the coverage area of at least one FAP in A f \a f , but are serviced by the MBS due to the backhaul constraints; ii)
. Considering the mentioned partitioning, I m,f is lower bounded as follows:
It can be proved that for small values of κ the MUs in U out m (b m ) have a near-uniform distribution. However, due to space constraints, the details of the analysis are omitted here and will be presented in an extended version of the paper. 
If FAP a f does not fall into the coverage area ofâ f , as shown in Fig. 1, d(û m , b m 
whereĉ f denotes the center of the coverage area ofâ f . Hence,
On the other hand, since bothâ f andû m are located in a circle of radius (11), conditioned on the event that none of the other FAPs falls into the coverage area of a f , it follows that
All the interference terms in (13) except those caused by users in U f (a f ) and U nc m (a f ) have non-overlapping supports, and hence, conditioned on the locations of FPAs, are indepen- dent. Therefore, combining (4) and (13), it follows that
Let S out denote the area of the region that is not covered by any of the FAPs. Then, conditioned on
On the other hand,
Combining (14), (15) and (16), and noting that
As defined earlier, let
Then, employing the upper bound derived in Appendix A,
Finally, since
combining (17) and (18) yields the desired result.
IV. NUMERICAL RESULTS
In this section, we compare the presented upper and lower bounds on the outage probabilities of MUs served by an FAP versus simulation results. In all simulations, the parameters are set according to the values given in Table I . Fig. 2 shows the outage probability of MUs serviced by an FAP located at d = 700 m from b m as a function of the backhaul parameter n c . Different curves in this figure correspond to different MU densities. It can be observed from this figure that there is a reasonable agreement between our analytical upper and lower bounds (solid and dotted curves) and simulation results. It can also be observed that in all cases the simulated values are closer to the lower bounds than the upper bounds. This implies that to tighten the bounds, one needs to improve the upper bounds. Also the outage probability is decreasing in n c . Note that increasing n c allows FAPs to service more users, and hence reduces the cross-tier interference, but increases the co-tier interference. From the figure, we conclude that cross-tier interference is the dominant term compared to the co-tier interference. In Fig. 3 the outage probability of MUs has been plotted versus the FAP's normalized distance from the MBS. Here n c = 8. As can be observed from the figure, at first, the outage probability increases as the MU gets farther from the MBS. In fact because of the assumption of constant received power at the MBS in the uplink scenario, as the MU gets farther from the MBS, it will transmit at a higher power, which leads to the degradation in the performance of FUs and also MUs served by FAPs. However, as the femtocells get close to the fringes of the cell, their users' outage probabilities start to improve as well. The reason for this is that femtocells that are far away from the MBS have larger coverage areas and therefore, in those regions most MUs are serviced by nearby FAPs, which results in lower interference caused by them.
V. CONCLUSIONS
In this paper, we have studied two-tier cellular networks, in which each FAP has a finite backhaul capacity limiting the number of users it can serve, and have derived analytical upper and lower bounds on the outage probabilities of MUs serviced by FAPs. 
